The number of electronic bands is usually considered invariant regardless of the electron density in a band picture. However, in interacting systems, the spectral-weight distribution generally changes depending on the electron density, and electronic states can even emerge or disappear as the electron density changes. Here, to clarify how electronic states emerge and become dominant as the electron density changes, the spectral function of the Hubbard ladder with strong repulsion and strong intrarung hopping is studied using the non-Abelian dynamical density-matrix renormalization-group method. A mode emerging in the low-electron-density limit gains spectral weight as the electron density increases and governs the dimer Mott physics at quarter-filling. In contrast, the antibonding band, which is dominant in the low-electron-density regime, loses spectral weight and disappears at the Mott transition at half-filling, exhibiting the momentum-shifted magnetic dispersion relation in the small-doping limit. This paper identifies the origin of the electronic states responsible for the Mott transition and brings a new perspective to electronic bands by revealing the overall nature of electronic states over a wide energy and electron-density regime.
I. INTRODUCTION
In band theory, an electron is assumed to hop from one atomic orbital to another in an effective periodic potential, forming a band [1] ; the number of bands is considered essentially determined by the number of atomic orbitals in a unit cell, which does not change with the electron density. In Fermi-liquid theory, electronic excitations other than the quasiparticle band are regarded as incoherent [2] ; the incoherent excitations are usually considered almost featureless and unimportant regardless of the electron density.
However, in interacting systems, some electronic excitations generally become dominant among many excited states, and the number of dominant modes can change depending on the electron density. Electronic excitations away from the Fermi level can also become dominant and exhibit significant characteristics. Thus, revealing the overall nature of electronic states over a wide energy and electron-density regime is important in the deeper understanding of the effects of strong electronic correlations. In particular, strong correlations significantly affect the electronic states near the Mott transition, which have attracted considerable attention in relation to hightemperature superconductivity [3] [4] [5] .
In this paper, to clarify how electronic states emerge, change, and disappear as the electron density changes in strongly correlated systems, the spectral function of the Hubbard ladder, which is one of the simplest models containing the essence of electronic correlations, is investigated in the regime of strong Coulomb repulsion and strong intrarung hopping. The qualitative features of the results would be generally true for coupled dimer * Electronic address: KOHNO.Masanori@nims.go.jp systems, such as the dimer Mott insulators of molecular solids [6, 7] regardless of the lattice structure or dimensionality as long as the Coulomb repulsion and intradimer hopping are much stronger than the interdimer hopping. In particular, the perturbative arguments shown in this paper can be straightforwardly extended to bilayer systems.
The main features we focus on in this paper are the (1) emergent electronic states in the low-electron-density regime [Sec. V], (2) spectral-weight transfer from the dominant modes to the emergent modes, which makes the emergent modes dominant, whereas the dominant modes significantly lose spectral weight as the electron density increases to half-filling [Sec. III], (3) dimer Mott gap at quarter-filling, whose value is significantly limited by the intrarung hopping in the strong-Coulomb-repulsion regime [Sec. VI], and (4) emergent electronic states upon doping a Mott insulator by which the Mott transition is characterized [Sec. VIII]. The above features are contrasted with conventional views, such as a band picture.
II. MODEL AND METHOD
We consider the Hubbard ladder defined by the following Hamiltonian:
tively. The doping concentration δ is defined as δ = 1−n, where n denotes the electron density (n = N e /N s ). The single-particle spectral function A(k, ω) and the dynamical spin structure factor S(k, ω) are defined as
where ε l represents the excitation energy of the eigenstate |l from the ground state |GS . Here, c † k,σ and S γ k denote the Fourier transform of c † i,σ and that of the γ(= x, y, z) component of the spin operator S i , respectively. For ladders, k = (k , k ⊥ ), where k and k ⊥ denote the momenta in the leg and rung directions, respectively. Because {c k,σ , c † k,σ } = 1, A(k, ω) satisfies the following sum rule at each k:
We consider the case of 0 ≤ n ≤ 1 without loss of generality because A(k, ω) for 1 < n ≤ 2 can be obtained as A(k + π, −ω) at the electron density 2 − n by using the particle-hole transformation. The Hubbard ladder has been studied primarily on the ground-state properties [8] [9] [10] [11] [12] , spin and charge excitations [13] [14] [15] , spectral function around half-filling [10, 15, 16] , charge and photo dynamics [17, 18] , and ferromagnetism [19] [20] [21] . In this paper, to clarify the evolution of electronic states as a function of the electron density, we investigate the spectral function in the overall electron-density regime primarily for U ≫ t ⊥ ≫ t > 0 (U t /t 2 ⊥ is not too large for the ground state to have spin 0 or 1/2 [19, 20] ) based on the numerical results for U/t = 16 and t ⊥ /t = 2 obtained using the non-Abelian dynamical density-matrix renormalizationgroup (DDMRG) method [5, [22] [23] [24] [25] [26] [27] . The DDMRG calculations were performed on a 120-site cluster under open boundary conditions with 240 states retained for the density matrix. The truncation errors are negligibly small in the scales used for the figures in this paper.
III. OVERALL SPECTRAL FEATURES
The spectral-weight distributions of electronic states from the low-electron-density regime (n ≈ 0.083) to halffilling (n = 1) are shown in It should be noted that not only the high-energy modes of O(U ) but also an intermediate-energy mode emerges [ω/t ≈ 7 and k ≈ π in Fig. 1(a) ], which is separated from the low-energy bonding band by an energy gap, and becomes the most dominant at half-filling for k ⊥ = 0 [−3 ω/t 0 in Fig. 1(h) ]. These features are due to strong electronic correlations and contrast with a rigid-band picture in which the bonding and antibonding bands remain dominant regardless of the electron density.
IV. ZERO ELECTRON DENSITY
To understand the nature of such complicated spectral features, we consider the properties of characteristic modes from the low-electron-density side. At zero electron density (n = 0), the electron-addition spectra show the noninteracting dispersion relations because the interaction term does not work with the added electron. Thus, the Hamiltonian (U = 0) can be diagonalized in the momentum space as
The noninteracting dispersion relation ǫ 0 k is obtained as
where k ⊥ = 0 for the bonding band and k ⊥ = π for the antibonding band (solid black curves in Fig. 3 ). In the low-electron-density limit (n → 0), µ → −2t − t ⊥ .
V. LOW ELECTRON DENSITY

A. High-energy emergent modes
In addition to the dominant modes originating from the noninteracting bonding and antibonding bands [Eq. (5)], small spectral weights emerge when the electron solution of the following equation [28] :
By expanding Eq. (6) in powers of U , the dispersion relations of the high-energy modes for U ≫ t ⊥ , t can be 
obtained as
up to O(t 2 /U ) and Fig. 3 ). The above results can also be explained in terms of the modes of double occupancy. We define |ψ + (k ) and |D − (k ) for k ⊥ = 0 and π, respectively, as
where r j denotes the coordinate of rung j in the leg direction, and X represents ψ + and D − . Here, |ψ + j , |D − j , and |0 j denote the eigenstates of the jth rung defined in Table I . The effective hoppings of |ψ + and |D − are obtained using second-order perturbation theory with respect to t as
respectively, which reduce to
for U ≫ t ⊥ . By taking into account the bond energy between |ψ + and |0 , ξ ψ + 0 (= −t ψ + eff ), and that between |D − and |0 , ξ D − 0 (= −t D − eff ), the energies of the highenergy modes are obtained as
Here,
which reduces to
for U ≫ t ⊥ . By putting µ = −2t − t ⊥ in the lowelectron-density limit (the ground-state energy of the one-electron system is zero), Eq. (11) reduces to Eq.
This result implies that the highenergy modes in the low-electron-density limit can be interpreted as the modes of double occupancy [Eq.
B. Intermediate-energy emergent mode
As mentioned in Sec. III, not only the high-energy modes of O(U ) but also an intermediate-energy mode emerges [ω/t ≈ 7 and k ≈ π in Fig. 1(a) ]. To clarify the nature of this mode, we consider an effective model for U , t ⊥ ≫ t . In the low-electron-density regime, an electron with k ⊥ = 0 on a rung, |B σ , hops almost freely along the leg. When two electrons with opposite spins sit on the same rung, they are excited to one of the two-electron eigenstates with k ⊥ = 0 on a rung, |ψ ± (Table I) . Thus, the effective model for k ⊥ = 0 can be obtained as the Hubbard chain with the following effective interaction U ± eff [7] and effective chemical potential µ eff :
by equating E B and E ψ ± with the effective single-site energies −µ eff and U ± eff − 2µ eff , respectively. In the Hubbard chain, the dispersion relation of the high-energy mode in a two-electron system can also be obtained from Eq. (6) as 7)]. By putting U ± eff [Eqs. (13) and (14)] into Eq. (15), we obtain 0) ] corresponds to the high-energy mode of O(U ) [Eqs. (7) and (11)]. The latter [ǫ − (k ,0) ] corresponds to the emergent mode in the intermediate-energy regime [ω/t ≈ 7 and k ≈ π in Fig. 1(a) ; dashed-dotted blue curve in Fig. 3(a) ]. 
C. Remarks on the upper Hubbard band
In a conventional band picture, the splitting of a band into upper and lower bands is considered a result of symmetry breaking. For example, antiferromagnetic ordering, which causes folding of the Brillouin zone, is considered responsible for the formation of the gap in an antiferromagnetic insulator in a band picture. Nevertheless, the emergence of the high-energy states is a general characteristic of strongly interacting systems on a lattice, which does not require symmetry breaking or long-range order.
The mechanism of the emergence of the upper Hubbard band can, instead, be interpreted as the formation of a pair or a bound state [28] [29] [30] [31] [32] [33] . The simplest case is the limit of the low-electron-density and strong repulsion where the high-energy mode can be interpreted as a mode of double occupancy (a bound state of electrons with opposite spins [28] ) [Eq. (8)] as shown in Sec. V A. More generally, the interpretation as the formation of a pair can be justified in terms of string solutions in onedimensional (1D) systems. Among Bethe-ansatz solutions, there are solutions involving a string which can be regarded as a pair of particles [34, 35] . In the Hubbard chain, the upper Hubbard band has been identified as the k-Λ string solutions [29] . Similarly, the highenergy states of the antiferromagnetic Heisenberg chain in a magnetic field in S +− (k, ω) (excitation of flipping a majority spin to a minority spin) have been identified as the two-string solutions [30] , which correspond to the upper Hubbard band of the interacting hard-core bosons [31] and interacting spinless fermions on a chain [32, 33] . Thus, these high-energy states can be identified as states involving a pair of particles.
It should be noted that the quasiparticle responsible for the upper Hubbard band is not exactly the double occupancy, in general. In fact, the double occupancy exists even in the ground state at half-filling for U < ∞, and the double occupancy is not specified by a quantum number of eigenstates. In the Hubbard chain, the quasiparticle responsible for the upper Hubbard band has been identified in terms of the quantum number for the k-Λ string [29] similarly to the spinon and holon (defined in terms of the quantum numbers for spin and charge, respectively). In higher dimensions, the quasiparticle responsible for the upper Hubbard band could be interpreted as a pair of particles [28] or that of a chain deformed by interchain hopping (Sec. V B) [36, 37] .
VI. QUARTER-FILLING
At quarter-filling (n = 1/2), the system becomes a (Table I) ,
where
In the large-U/t ⊥ limit, |ψ + → |D + and |ψ − → |S because ζ √ 2] in the large-U/t ⊥ regime. Thus, in the dimer Mott insulator whose gap is essentially determined by U − eff , the doubly occupied state |ψ − can primarily be regarded as the spin-singlet state without doubly occupied sites on a rung; the Mott gap is not Fig. 4(a) ] [19] .
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The Mott gap and the effective U are relevant not only to the charge excitation but also to spin fluctuations and electronic excitations. The effective spin coupling at quarter-filling is J − eff = 4t 2 /U − eff (≫ J = 4t 2 /U ) for U ≫ t ⊥ ≫ t . Hence, the spin degrees of freedom for k ⊥ = 0 can be described as the effective Heisenberg chain with J − eff , which shows a two-spinon continuum: ω = πJ − eff 2 (sin p 1 + sin p 2 ), where k = p 1 + p 2 for 0 ≤ p 1 < p 2 ≤ π, and the spin-wave mode at the lower Fig. 2(b) ]. By doping the dimer Mott insulator with a hole (an electron), the spin-wave mode emerges in the electronicexcitation spectrum with the dispersion relation shifted by the Fermi momenta k F = ±π/2 for ω > 0 (ω < 0) [Figs. 1(c), 1(e), 2(a), and 2(c)] as in the Hubbard chain [29] . The properties of the doping-induced states and the relationship to the Mott transition are discussed in detail in Sec. VIII.
It should be noted that the derivation of the effective
up to O(U 2 /t ⊥ ). The dimer Mott gap determined by U − eff at n eff (= 2n) = 1 is of O(U ) for t ⊥ ≫ U ≫ t . Thus, in the case of U , t ⊥ ≫ t , the dimer Mott gap at n = 1/2 as well as U − eff for n ≤ 1/2 is limited by 2t ⊥ for U ≫ t ⊥ [ Fig. 4(a) ] and by U/2 for t ⊥ ≫ U [ Fig.  4 (a) with 2t ⊥ ↔ U/2]. This implies that the effective Hubbard model with U eff > 2t ⊥ (U eff > U/2) is not relevant to the low-energy properties of a dimer Mott insulator for U ≫ t ⊥ (t ⊥ ≫ U ). Because U ± eff is obtained in a dimer, the above argument would generally hold true for coupled-dimer systems [6, 7] regardless of the lattice structure or dimensionality as long as U , t ⊥ ≫ t .
VII. HALF-FILLING
A. Electronic excitation
At half-filling (n = 1), the ground state of the Hubbard ladder for U ≫ t ⊥ ≫ t can be effectively approximated as
The dominant modes excited from the ground state are obtained by replacing one of the |ψ − 's with |B , |A , |G , and |F as
where X represents B, A, G, and F . The excitation energies up to the second order in t are obtained as (22) where E X denotes the rung energy of |X (Table I) , and
Here, ξ Xψ − denotes the bond energy between |X and |ψ − obtained in the second-order perturbation theory,
where T represents T + , T − , or T 0 . We can also construct two-particle states by using X(= B, A, G, and F ) and Y (= T + , T − , or T 0 ) as
whose effective excitation energies for L → ∞ are obtained as
which reduces to J eff ≈ J for U ≫ t ⊥ .
The dominant modes and the continua carrying considerable spectral weights in Figs. 1(h) and 1(p) can basically be identified with the above modes [Eqs. (21) and (22); dotted brown curves and solid black curves in Fig. 5 ] and the two-particle states [Eqs. (25) and (26); light orange regions and light gray regions in Fig. 5 ]. S(k, ω)t for k ⊥ = π at n = 1 for U/t = 16 and t ⊥ /t = 2 obtained using the non-Abelian DDMRG method. The green lines indicate ω = 0. Gaussian broadening with a standard deviation of 0.1t has been used.
B. Spin excitation
The spin excited state is similarly obtained as in Eq. (21) with X = T + , T − , or T 0 , whose excitation energy up to the second order in t can be obtained as
This excitation well explains the mode in S(k, ω) for k ⊥ = π at half-filling [ Fig. 6(b) ].
VIII. MOTT TRANSITION
A. Doping-induced states
The most remarkable spectral feature is the emergence of electronic states in the Mott gap by doping a Mott insulator [ Figs. 1(o) and 1(p) ]. From the low-electrondensity side, the dominant mode for k ⊥ = π in the lowelectron-density regime loses spectral weight and disappears at half-filling [ Figs. 1(i)-1(p) ], but its dispersion relation remains dispersing until the Mott transition occurs [ Figs. 1(o) and 6(a) ]. In the small-doping limit, the dispersion relation reduces to the magnetic dispersion relation shifted by the Fermi momentum k F = (π, 0) ( Fig. 6) . Thus, the antibonding band in the low-electron-density regime gradually loses spectral weight with the electron density and eventually leads to the magnetic excitation at half-filling. This implies that the charge degrees of freedom freeze, whereas the spin degrees of freedom remain active toward the Mott transition [5, 27, 29, 36] .
From the Mott-insulator side, this feature can be described as follows: the spin excited states at half-filling appear in the electron-addition spectrum with the dispersion relation shifted by the Fermi momentum upon doping a Mott insulator because the charge characteristic is added to the spin excited states by doping [5, 27, 29, 36] . A simple explanation for this feature has been given using effective eigenstates of the t-J ladder as well as based on general arguments on quantum numbers in Ref. [27] . Here, we briefly review the explanation in the case of the Hubbard ladder. The ground state at half-filling for U ≫ t ⊥ ≫ t can be effectively approximated as in Eq. (20) . The spin excited states are obtained as |T (k ) (T = T + , T − , or T 0 ) [Eq. (21) ] whose dispersion relation is expressed as ω = ǫ spin k [Eq. (28); Fig. 6(b) ]. The one-hole-doped ground state is essentially |B(π) , which has momentum k = (π, 0). In the small-doping limit, the chemical potential is set so that the energy of the onehole-doped ground state is zero. When an electron with momentum (p , π) is added to the one-hole-doped ground state, the obtained state has overlap with the spin excited state at half-filling |T (p + π) . Thus, A((p , π) , ω) exhibits a mode along ω = ǫ spin p +π [Eq. (28); Fig. 6(a) ]. This argument shows that the spin excited states at halffilling appear in the electron-addition spectrum with the dispersion relation shifted by the Fermi momentum upon doping a Mott insulator.
This feature of the doping-induced states has also been pointed out in the Hubbard chain [29] , two-dimensional (2D) Hubbard model [36] , t-J chain [39] , 2D t-J model [26] , and t-J ladder [27] , as well as in a system with antiferromagnetic order [40] . In the Hubbard ladder considered in this paper, the mode of the doping-induced sates has an energy gap because the spin excitation at halffilling has an energy gap (Fig. 6 ). In the case where the spin excitation is gapless in a Mott insulator, the mode of the doping-induced states should be gapless, as shown in Fig. 2 , and in the Hubbard and t-J chains, and the 2D Hubbard and t-J models [5, 26, 27, 29, 36, [39] [40] [41] .
The emergence of electronic states upon doping a Mott insulator was recognized soon after the discovery of cuprate high-temperature superconductors [3, 42, 43] . However, interpretations are controversial. Various interpretations other than the above interpretation have been proposed primarily for the 2D Hubbard model [44] [45] [46] [47] [48] , suggesting that the mode of the doping-induced states is essentially separated by a (pseudo-)gap from the low-energy band even though the Mott insulator exhibits gapless spin excitation [44] [45] [46] [47] [48] . In contrast, the interpretation described above as well as in Refs. [5, 26, 27, 29, 36, [39] [40] [41] can naturally and collectively explain the behavior of the doping-induced states in the Hubbard and t-J chains [29, 39] and the Hubbard and t-J ladders [27] (Figs. 2 and 6 ) as well as in the 2D Hubbard and t-J models [5, 26, 36] , which implies that this interpretation captures the essence of the Mott transition.
B. What characterizes the Mott transition
To discuss how to characterize the Mott transition, the definition of the Mott transition must be clarified. In particular, the definition should be what can distinguish the Mott transition from the transition between a metal and a band insulator. Hence, a clear distinction between a Mott insulator and a band insulator is required.
One might consider that a Mott insulator could be defined by the value of the charge gap; if the charge gap is primarily determined by the Coulomb repulsion [O(U ) in the Hubbard model], the insulating state could be regarded as a Mott insulator. However, as shown in Sec. VI, even though the value of the charge gap is limited by the intradimer hopping for U ≫ t ⊥ ≫ t , the insulating state at quarter-filling should be regarded as a Mott insulator because it is essentially the same as the Mott insulator of the Hubbard chain ( Fig. 2) [Sec. VI]. Thus, a Mott insulator is not necessarily well-defined in terms of the value of the charge gap.
Another definition could be that a Mott insulator is an insulator exhibiting gapless spin excitation. Such an insulator is not a band insulator because the spin gap is basically equal to the charge gap in a band insulator. However, this definition appears too narrow; in practice, a system having low-energy spin excitation with a large charge gap is generally called a Mott insulator regardless of whether a small spin gap opens or not. Hence, a Mott insulator can be better defined as an insulator with ∆ s ≪ ∆ c (or ∆ s < ∆ c if necessary), where ∆ s and ∆ c denote the lowest excitation energies for spin and charge, respectively. This implies that a Mott insulator can be defined in terms of the spin-charge separation (∆ s = ∆ c ) [27] . In 1D systems, the spin-charge separation is considered to occur even in a metallic phase: The properties in the low-energy limit are described in terms of spin and charge excitations independent of each other with different velocities rather than electronlike quasiparticles [49] [50] [51] [52] . In a Mott insulator, regardless of the lattice structure or dimensionality, the spin-charge separation (∆ s ≪ ∆ c ) occurs more clearly than in a 1D metal
If a Mott insulator is characterized by ∆ s ≪ ∆ c , what characterizes the Mott transition should also reflect it. If only the ground-state properties are considered, the Mott transition in a dimerized system, such as the Hubbard ladder for U ≫ t ⊥ ≫ t at half-filling, is essentially the same as the transition to a band insulator [5, 26, 27, 29, 36, [39] [40] [41] . The above argument implies that the Mott transition is characterized by the dopinginduced states that exhibit the momentum-shifted magnetic dispersion relation rather than critical exponents or order parameters.
IX. SUMMARY
The emergence, disappearance, and spectral-weight transfer of electronic states are illustrated in the Hubbard ladder in the strong repulsion and strong intrarung hopping regime. The dominant modes in the low-electrondensity regime significantly lose spectral weight as the electron density increases to half-filling, whereas the emergent modes in the low-electron-density regime become dominant at half-filling; the dominant modes in the low-electron-density regime and those at half-filling are different in origin.
One of the emergent modes, which has an energy of the order of the intradimer hopping, significantly gains spectral weight and governs the dimer Mott physics at quarter-filling; the dimer Mott gap is limited by the intradimer hopping even in the strong repulsion regime.
In contrast, one of the dominant modes in the lowelectron-density regime, which originates from a noninteracting band, gradually loses spectral weight as the electron density increases and completely disappears at half-filling. However, the dispersion relation remains dispersing until the Mott transition occurs; the dispersion relation reduces to the magnetic dispersion relation shifted by the Fermi momentum in the small-doping limit. Thus, the mode originating from a noninteracting band continuously leads to the mode of the spin excitation at half-filling.
These features would be basically true for general coupled-dimer systems regardless of the lattice structure or dimensionality as long as U ≫ t ⊥ ≫ t . As the dimer Mott gap is limited by the intradimer hopping, a Mott insulator is not necessarily well-defined as an insulator having a charge gap of the order of the Coulomb repulsion; a Mott insulator is better characterized in terms of the existence of spin excitation whose energy is much lower than the charge gap, i.e., the spin-charge separation. By reflecting this characteristic of a Mott insulator, the Mott transition can be characterized: The spin excited states in a Mott insulator emerge in the Mott gap as electronic excitation by doping the Mott insulator, exhibiting the momentum-shifted magnetic dispersion relation. This feature does not appear in the transition from a band insulator and should be general and fundamental to the Mott transition.
In the small-t ⊥ /t regime, the spectral-weight distribution can be affected by band hybridization. Nevertheless, the overall spectral features such as emergence and disappearance of spectral weight should generally appear in strongly correlated systems.
The emergence, disappearance, and spectral-weight transfer, which have almost been overlooked in band theory and Fermi-liquid theory, play particularly important roles in understanding the physics around the Mott transition, such as the origin of the Mott gap and the dopinginduced states. This would be one of the reasons why the electronic properties near the Mott transition have appeared elusive from the conventional viewpoints. This paper also brings an unconventional perspective to electronic bands. In a conventional band picture, electronic bands are usually identified as those primarily originating from atomic orbitals; the number of bands is considered invariant regardless of the electron density as long as symmetry breaking does not occur. However, as shown in this paper, a noninteracting band at zero electron density, which corresponds to a conventional band, can disappear at the Mott transition, whereas emergent electronic bands in the low-electron-density regime can become dominant near the Mott transition. The number of electronic bands carrying significant spectral weight can vary depending on the electron density even without symmetry breaking in strongly correlated systems. Experimental confirmation of these features over a wide energy and electron-density regime as well as applications of the emergence of electronic states to electronic or optical devices is desired.
